In the problem of the month 1999 : 106], one was to prove that
If F is concave, the inequality is reversed.
For the triangle inequality, we can assume without loss of generality As to the substitution a = y + z, b = z + x, c = x + y which was used in the referred to solution and was called the Ravi Substitution, this transformation was known and used before he was born. Geometrically, x, y, z are the lengths which the sides are divided into by the points of tangency of the incircle. Thus, we have the following implications for any triangle inequality or identity: (here s is the semiperimeter). This transformation eliminates the troublesome triangle constraints and lets one use all the machinery for a set of three non-negative numbers.
Another big plus for the Majorization Inequality is that we can obtain both upper and lower bounds subject to other kinds of constraints. Here are two examples:
(1) Consider the bounds on sin a 1 + sin a 2 + + sin a n where n 4, 2 a i 0 and P a i = S 2 . Since 2 2 2 2 0 0 : : : 0 (a 1 a 2 : : : a n ) S n S n : : : S n , we have 4 sin a 1 + sin a 2 + + sin a n n sin S n .
(2) Consider the bounds on a 2 1 + a 2 2 + + a 2 n where P a i = S ( n) and the a i 's are positive integers. Since (S ; n + 1 1 1 1) (a 1 a 2 a n ) S n S n S n , we have (S ; n + 1) 2 + n ; 1 a 2 1 + a 2 2 + + a 2 n n S n 2 . Consequently, even without digging into earlier references (which are probably easy to nd) Klamkin's remark is evidently correct.
Karamata and the Majorization Inequality
We continue with a historical mood. Klamkin 6] proposes to solve (1) by using the Majorization Inequality. This inequality relates to two sequences a 1 a 2 a n and b 1 b 2 b n and states that: a 1 + +a i b 1 + +b i for 1 i n;1 and a 1 + +a n = b 1 + +b n if and only if f(a 1 ) + +f(a n ) f(b 1 ) + +f(b n ) for any convex function f(x). Clearly, this inequality includes Jensen's Inequality as a special case. The proof of one direction is easy, and the more intricate part can be proved by applying the Abel Summation Formula
The Majorization Inequality is well known, but unfortunately, this generic name does not reveal its source: this inequality is due to Karamata, 1932 4], and should therefore be called the Karamata Inequality, as in 1, pp. 31-32]. It turns out to be a strong tool with various applications, some of which can be found in 7] and 8, Chapter VIII]). We also note that before 6], the inequality (1) appeared in 3] (a paper in Hebrew) as an example (probably well known even before) of a case where the Karamata Inequality is a useful approach.
Substitution and the Karamata Inequality
We conclude with an example in the spirit of 6], where a substitution followed by the application of the Karamata Inequality leads to a solution. 
The substitution a = x=y, b = y = z , c = z = x(x, y, z > 0) converts (2) to (x ; y + z)(y ; z + x)(z ; x + y) xyz .
Without loss of generality, assume that x y z, so that (y + z ; x), (z + x ; y) > 0. If x + y ; z 0 (3) follows immediately, so that we may assume that x + y > z as well. Since x x + y ; z, x + y (x + y ; z) + (z + x ; y), and x + y + z = (x + y ; z) + (z + x ; y) + (y + z ; x), we can apply the Karamata Inequality to the triplets (x y z) and (x+y;z x+z;y z+y;x), and obtain (3) by writing f(x) + f(y) + f(z) f(x + y ; z) + f(z + x ; y) + f(y + z ; x)
